arXiv:2406.03453v2 [math.COJ] 12 Jul 2024

ON A SIGN-CHANGE CONJECTURE OF SCHLOSSER AND ZHOU

KATHRIN BRINGMANN, BERNHARD HEIM, AND BEN KANE

ABSTRACT. In this paper, we investigate the signs changes of Fourier coefficients of infinite
products of g-series of Rogers—Ramanujan type. In particular, we prove a conjecture made
by Schlosser—Zhou pertaining to such sign changes for products of modulus 10.

1. INTRODUCTION AND STATEMENT OF RESULTS

Motivated by his famous three conjectures for finite products, for a prime p, Borwein [3]
investigated the infinite products (now called Borwein products)

Gola) = [[ —2L

_ apn’
n>1 1 q

Andrews [2, Theorem 2.1] showed that the signs of the coefficients of G, are periodic with
period p, which was independently proven in unpublished work of Garvan and Borwein by
different methods (see the remark following [2, Theorem 2.1]). In [12], for certain 6 € R
Schlosser and Zhou investigated the periodicity of the signs of the Fourier coefficients of
Gp(q)°. Schlosser and Zhou primarily focused on the case p = 3 [12], obtaining that the
signs change with period 3 for n > 158 and 0.227 < § < 2.9999. In [12, Corollary 5|, they
proved such results by obtaining formulas for the Fourier coefficients of G,(¢)° via the Circle
Method, which in turn arise from the fact that G, satisfies modular properties. They further
noted that one can obtain exact formulas for these Fourier coefficients by following the work
of Rademacher [10] and Zuckerman [15]. Such exact formulas have a long history. Extending
work of Hardy and Ramanujan [5], Rademacher [10] obtained an exact formula for the number
of partitions of n, and subsequent work of Rademacher—Zuckerman [11], Zuckerman [15], and
Ono and the first author [4] yielded exact formulas for Fourier coefficients of nonpositive
weight weakly holomorphic modular forms i.e., meromorphic modular forms whose poles lie
at the cusps. Using such exact formulas, the method from [12] follows a well-known approach
for determining the signs of Fourier coefficients. The exact formula naturally splits into a
main asymptotic term and an error term. The main asymptotic term overwhelms the error
terms for n sufficiently large, and hence the sign necessarily agrees with the sign of the main
asymptotic term for sufficiently large n.

Schlosser and Zhou [12] conjectured a number of further periodic sign patterns for Fourier
coefficients of powers of other Borwein products and also powers of some functions built from
shifted products of the shape (with m, M € N)

I a-a.

n>1
n=m (mod M)
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In this paper, we prove one of these conjectures. Define

(¢.4%4")

(¢%4754'%)

where (a1, ...,a0;q)n = (a1;¢)n - - - (ar; Q) With (a;q)p := H;L:_&(l —aq’), n € NgU{oo}. For
6 € Z, we write

Q10(q) :=

Qlo(a) =: ) es(n)g".

n>0
The following states Conjecture 22 of [12].

Conjecture 1.1. The coefficients of Q‘fo(q) satisfy for § = 1 the sign pattern + — + + — —
+ — —+ and for § = —1 the sign pattern ++ ++ — — — — — +. That is to say,
{1 ifn=0,2,3,6,9 (mod10),

sgn (c1(n)) = —1  otherwise

sgn (c1(n)) =

1 ifn=0,1,2,3,9 (mod10),
—1 otherwise.

In this paper, we prove Conjecture 1.1.

Theorem 1.2. Conjecture 1.1 is true, except for
c1(n) =0 forn € {2,5,7,9,15,17,22,27,37,47},
c_1(n) =0 forn € {3,4,5,6,9,13,19, 23,29, 39}.

Remarks.

(1) Inparticular, Q55 (¢) has only finitely-many vanishing Fourier coefficients. Several authors
assign to a vanishing coefficient both signs, due to the delicate issue of proving that a
coefficient vanishes (we refer to the well-known Lehmer conjecture). With this weaker
definition of a sign the conjecture of Schlosser and Zhou is true for all n € Nj.

(2) While G, is an eta-quotient, up to a power of ¢ in front, the function Q¢ is not, so
the modular properties of Q?o differ from those of Gf,. As such, a key step in proving
Conjecture 1.1 is the usage of Jacobi theta functions to establish the modular properties,
and the exact formulas that one obtains are of a different flavor.

(3) Some of the other conjectures in [12] involve similar quotients which have the same shape
as @Q10. It is hence likely that the first step towards proving Conjectures 18, 21, and 24
of [12] involve writing these functions as quotients of Jacobi theta functions.

The paper is organized as follows: In Section 2, we recall basic facts concerning weakly
holomorphic modular forms, the Jacobi theta function, the Dedekind n-function, Kloosterman
sums, and Bessel functions. In Section 3, we obtain exact formulas for the counting functions
of interest. Section 4 is devoted to detecting the main term contributions. In Section 5 we
estimate certain Kloosterman-type sums. Section 6 is devoted to estimate the error term.
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2. PRELIMINARIES

2.1. Weakly holomorphic modular forms. We briefly introduce modular forms, but refer
the reader to [9] for more details. A function on the complex upper half-plane F' : H — C
satisfies modularity of weight k € Z on a congruence subgroup I' C SLo(Z) with multiplier x
if for every v = (‘c” Z) € I' we have

Fley = x(0)F.
Here the weight k slash operator is defined for 7 € H by

F‘R’V(T) = (et +d)""F(v7).

We call the equivalence classes of T'\(Q U {ico}) the cusps of T'. For each cusp o, we choose
a representative! % € Q and M, € SLy(Z) such that M,(ico) = %; we abuse notation and
also refer to % as a cusp. If a holomorphic function F' satisfies weight k modularity on I with
some multiplier x, then for every cusp g of the function F, := F'|,M, is invariant under the
transformation 7+ 7 + o, for some o, € N and hence has a Fourier expansion

n

T) = Z cro(n)qee (q:= ™).

nez

We drop ¢ from the notation if p = ico. We call F' a weight k weakly holomorphic modular
form on I' with multiplier x if F satisfies weight x modularity on I' with multiplier y, is
holomorphic on H, and for each cusp g there exists ng such that cp,(n) = 0 for n < ng. We
furthermore call the terms in the Fourier expansion with n < 0 the principal part of F' at the

cusp 0.

2.2. Special modular forms. We define the Jacobi theta function (throughout w € C)
s e}
neZ+3
We have the Jacobi triple product formula (¢ := €2™* throughout)
I(w;T) = —ig5C 7 (g3 @)oo (G @)oo (¢ la54) - (2.1)

The well-known transformation laws of 4, going back to Jacobi, may be found for example in
[7, Chapter I, Section 11] or [16, Proposition 1.3]. To state the transformation laws of ¥ and
its growth towards the cusps for Re(z) > 0, k € N, h € Z with ged(h, k) = 1, and b’ € Z with
hh' = —1 (mod k), we let wy, . be defined through?

0 (%(Miz)) = B (k <h/ z>>

I Throughout, we assume that 0 < k < k and ged(h, k) = 1.
2For the exact shape of wy, k, see [1, (5.2.4)].

Lemma 2.1.
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(1) Suppose that w,z € C with Re(z) > 0, k € N, h € Z with ged(h, k) =1, and b/ € Z with
hh' = —1 (mod k). Then we have

1 B h—h!) 3mi 3 M w1 )
75‘<w;%(h+zz)>—e4k( )e4whk\/;e = 19<Z k(h' z>>
(2) Suppose that w € C, 7 € H, and A\, u € Z. Then

D(w + A7+ i 7) = (—1) Mg N s 7).
(3) For0<a<1 and b€ R, we have

Iar +b;7) = —ie g (1 +0 ( mm{“’l_a}>> .

2.3. Zuckerman’s exact formula. To state the exact formula of Zuckerman [15, Theorem
1], which has been extended to a larger class of functions which include weight zero weakly
holomorphic modular forms by Ono and the first author [4, Theorem 1.1], let I, denote the
usual 7-Bessel function.

Theorem 2.2. Let k < 0. Suppose that F is a weakly holomorphic modular form of weight
K on a congruence subgroup I' with transformation law

F <%<h + z‘z)> = X(Ynk)(—i2) " F, (é (h/ i %>>

for some multiplier x : SLo(Z) — C and where vy}, = (Z _Bh,> € SLy(Z). Assume that F

has the Fourier expansion at ico, F(1) =3 o a(n)¢""®, and the Fourier expansions at
7L+ah’k

each 0 < % <1, Flavap(T) = D ns—oo @nk(n)g <+ . Then for n+a >0, we have

k=1 1 _ 27i(nta)h
a(n) =2n(n+ a) 2 Z % Z X(Yhk)e k

k>1 0<h<k

ged(h,k)=1
1—k

2mi n|m+a 2 4 m—+ « n+«

X mamelenn (It T _ww +anel(n+)
Ck k Ck
m+ap, <0
4. Kloosterman sums. We require the following Kloosterman sums
Kp(nm)=  y  exhimh), (2.2)

h (mod k)*
hh'/=—1 (mod k)

where h (mod k)" means that h only runs through coprime element (mod k). Letting d(n)
denote the number of divisors of n, the following bound for the absolute value of these
Kloosterman sums is well-known by work of Weil [14] (see [6, Corollary 11.12]).

Lemma 2.3. Suppose that for k € N, n, m € Z. Then we have

| Ky, (n,m)| < \/ged(n, m, k)d(k)Vk
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2.5. Bessel functions. Recall that the I-Bessel function has the well-known integral rep-
resentation for k € RT and z > 0 (see [13, p. 79])

z\k 1 1
fr( ?2+ y [ =) e (2.3)

We require the following bounds.

I.(z) =

Lemma 2.4.
(1) For 0 <z <1, we have

L(z)<=z
(2) If x > 1, then
2
I <3/ —€"
1(m) - er
(3) If x > 3, then
Il(a:) >

~ 4z
Proof. The claims follow from equation (2.3) and are well-known. We give the details for (3)

for the convenience of the reader. Since the integral in (2.3) from —1 to 0 is nonnegative, we
have, making the change of variables u +— 1 — u,

T 1 T 1 T
Li(x) > E/ V2 — u/ue " du > E/ Vue Tdu = ¢ VT r §,a: )
T 7T T \ 2 2

Here, for = > 0, the incomplete gamma function is defined by I'(s, z) f ts~te~tdt. Using
8, 8.8.2] and [8, 8.10.10], we then obtain, for x > 3

oz e (-2 (i) —W) S

3. EXACT FORMULAS

In this section we determine the modularity properties of Q19 and the principal parts of
Q10 and Ql_ol in every cusp to find exact formulas for their Fourier coefficients.

3.1. Modularity. Using (2.1), we have
Qu(q) = ¢ ' f(7),

where ( )
¥(7; 107
M= Smony
For h € Z, we write
3h=hik+ho, hi€Z, 0<ho<k. (3.1)
We set d := ged(k, 10) throughout and define vy, va, 1, o € Z with 0 < vy, o < d via
h=dv +vo, hg= d,ul + po. (3.2)

Setting ¢, = e%, a direct calculation using Lemma 2.1 (1), (2) gives the following transfor-
mation law for f.
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Proposition 3.1. Let Re(z) > 0, k € N and h,l' € Z with ged(h, k) = 1, 2 | I/, and
hh' = —1 (modk). Then

2mi

2
(04 i9) = (sl B (s ol ()

woy l/1d2h/ 1 ﬁ / 4
v (%)kz i — o5 1ok (B + %)

ipp _ pd?W 3 d® (pr i)
0(@@ or- — % 105 (W + 2)

X

3.2. Principal parts and exact formulas.

3.2.1. 6 = 1. We next determine the principal parts of f at each cusp in order to obtain an
exact formula for ¢;(n). Before stating the identity, for £ € N, and j € Z with ged(j,d) = 1,
we define the Kloosterman-type sums

A= Y (e gt S (R —n),
1<h<k
h=j (modd)
hh/=—1 (mod k)

B
We first note that the above sum only depends on h,h’ (mod k) and rewrite Ay ;(n), uniquely
choosing for j € Z and d | 10 an integer «;(d) satisfying

a;(d) =35 (modd) 1 < aj(d) <d. (3.3)

We omit d from the notation if it is clear from the context.

Lemma 3.2. For k € N and d = ged(k, 10), suppose that 1 < j < d with ged(j,d) = 1. Then
for n € Z we have

)
3a;—j—d b 2mi (2,2 20 Ve ()R
AkJ(n) = Cm,j Z (—1) it Tk (20( P—pd+vi—m) )
h (modk)*
h=j (mod d)
hh'/=-1 (mod k)
e

Proof. First note that since 1 < j <d, 1 < vy <d, and
j=h=vy (modd) = vy =73 (3.4)
by (3.2). Similarly, since 1 < «j, po < d and
po = 3h =« (modd) = po = «;. (3.5)

Thus
<3N2_V2 —-d _ 3aj_j_d
10k — S10k

is independent of h and we can pull it outside of the sum.
It hence remains to show that we may let h and A’ run (mod k). We start with h. Clearly

2mi(n+1)h | | . .. ..
the factor e~ % is invariant under h — h + k, so we check that the remaining quantities

do not change as h +— h + ¢k for £ € Z. Making the change of variables h +— h + ¢k in (3.1)
gives

3(h + Ck) = hyk + hy + 30k = (hy + 30)k + ho.
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Thus ho stays unchanged and hy — hy + 3¢. Moreover, making the change of variables
h+— h+ ¢k in (3.2) gives

h+€k:dul+u2+€k:d<l/1+€§> + .

Thus vy stays unchanged and vq — 17 + ¢ S.
Note that since hy remains unchanged, so do p; and po. Thus we want

(_1)h1+34+u1+é§+u16% () 2 (a5 )~ )W _ (_1)h1+u1+u162;’(§ﬁ2 (vi—miH+vi—pa )l

This holds if

2mid2 k 2k2 | ks
L

Thus we want

k
~ v i v 2 v /
2+€2d+20k 2£du1+€ d2+€d>h € 7.

We now distinguish the cases d =5 and d = 10.
If d =5, then 2 | b and £ is odd. Thus we want

14 k d2< k k?

/

1 k 1 ok B 1 B
§€<1+g> +§ <2€V1+€ g+€> 5:0 (modl)@iﬁ(ﬁ—kl)i =0 (mod1),

which holds.
If d = 10, then we want
¢tk L k ,
§+%+§<2V1+€E+1>h € 7.
Since 2 | k, we have b’ odd, so the left-hand side is
¢ 0k
54‘74‘5 <€E+1> (modl).

If £ is even, then every term is an integer, so the claim follows. If £ is odd, then we have

=

10
2 2 2\ 10 2 2 2

We hence conclude that the sum only depends on h (mod k).
To see the invariance under A’ (mod k), we again split into cases depending on d. For d = 5,
we change A into &’ + 2¢k to preserve the condition 12 | h/. We want

ok L.
€+ﬂ+€<g£+1>;1+ﬁ+—+%zo (mod1).

e57ri(1/%—,u%+u1—,u1)f -1

This holds because 2 | (v? — u2 4+ v1 — p1).
For d = 10, we change h' into i/ + ¢k and we want

elOwi(u%—u%-ﬁ-m—/ﬂ)é - 1.
This also holds. g
Abbreviating
Ag(n) = Ag s3(n), (3.6)
+

we next give the exact formula for ¢;(n).
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Lemma 3.3. For n € N, we have

V2r vd—4
aln) = 723 1;1 k

d=gcd(k,10)e{5,10}

Ap(n)I <§—Z V2(d — 4)(5n + 8)> .

|12 H2

Proof. Using Lemma 2.1 (3) with @ = % and a = £%, we see by Proposition 3.1 that there
can only be growth as z — 0 if there is growth in the factor

s 2 2 s
0%z —v5 )+ 1o, (va—p2
o T0F% (n3—v3) 17?162( #2) — oT0m (13 —v3+d(va—p2))

Thus, in order to have growth, we require
,u% — 1/22 + d(vg — p2) > 0.

A direct calculation yields that this is satisfied if and only if (d = 5 and v» € {2,3}) or (d = 10
and vy € {3,7}). Equivalently we may describe this as d =5 and h = +2 (mod5) or d = 10
and h = £3 (mod 10).

Noting that the error term in Lemma 2.1 (3) does not contribute to the principal part, we
obtain as principal part

(1ot gdpera=d 2R (R pt bW s (v dlaie) %2 (3.

Plugging (3.7) into® Theorem 2.2, we have

¢ (n) \/571' Z d—4 Z (_1)h1+u1+u1 Ci}g]g—uz—d

von + 8 k>1 b 1<h<k
d=ged(k,10){5,10} ged(h,k)=1
h=+3 (modd)
hh/=—1 (mod k)
Y
2mi (d? /
« (55 (At =t On) (i—z V2(d = 2)(on + 8)) .
Plugging in (3.6) and the definition of Ay 13(n) gives the claim. O
3.2.2. § = —1. To state the exact formula in this case, we abbreviate
Ai(n) =Y A (—n). (3.8)
+

Lemma 3.4. For n € N, we have

B V27 Vd—4 2m
= ; —Ax(n) <5—k\/2(d —4)(5n — 8)) .

d=gcd(k,10)€{5,10}

c_1(n)

Proof. We first determine which cusps % contribute a non-trivial principal part. We get a

contribution if (d = 5 and vy € {1,4}) or if (d = 10 and v, € {1,9}), and a straightforward
calculation yields that the principal parts at the corresponding cusps are

2
hidvi4pr Fd+ve—3pe 2T (12 1240 )b T (V2 —p24d(pa—1))  AEZ
(_1) <10k e 20k ( 11 ) elOkz( 27 H2 )e 5k |

3Note the shift n +— n + 1 because we have a g~ ! outside.
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Theorem 2.2 then implies that

2m d—4
v e S DI
d=gcd(k,10)e{5, 10}

) STy bt S (g (vt (- ))[1<§_Z\/2(d—4)(5n—8)>.

1<h<k
ged(h,k)=1
h=+£1 (mod5)
hih/=—1 (mod k)
E|h’
d

Plugging in (3.6) and the definition of Ay 1;(n) gives the claim. O
4. MAIN TERM CONTRIBUTIONS
In this section we split ¢;(n) and ¢_1(n) into a main plus an error term.

4.1. § = 1. We define

Mi(n) = 55% cos <27r (% + ?—8)) I (?57 3(5n + 8)>

21 vVd—
N ; - Ak( ( V2(d - 4(5n—|—8)>

d=gcd(k,10)€{5,10}
k#10

Ei(n) :=

Lemma 4.1. For n € N, we have
cl(n) = Ml(n) + El(n)

Moreover, if |E1(n)| < |Mi(n)|, then sgn(ci(n)) agrees with what is claimed in Conjecture 1.1
for these n.

Proof. By Lemma 3.3, the identity is equivalent to proving that M;(n) is the term k& = 10.
Namely, we need to show that

Mi(n) = 5\/{% o(n)I <Z—75T 3(5n—|—8)>. (4.1)

Plugging in Lemma 3.2 and recalling the definition (3.3) to simplify Ajp(n), the right-hand
side of (4.1) becomes

V3m <27T ) hi ~3ap(10)—h—10 _ 2mintl)h
N 3(5n + 8) Z (— )1C100h e o
5von + 8 he{3,7}

Noting that the sum on h equals 2 cos(27r(25 +3n 7)) vields (4.1), and hence the claimed identity.
Now assume that |Ey(n)| < |Mi(n)]. In thls case, we conclude that

sgn (c1(n)) = sgn (M (n)) = sgn <cos <27r (% + %))) .

This gives the sign pattern + — + + — — + — —+, matching what is claimed. O
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4.2. § = —1. We define

Mgmy:;%g%?m<%<%—ﬁﬁ>h<% &m-&»
Bl = 22 > Y Ao (5 vea—o6-3).

d=gcd(k,10)e{5,10}
k#£10

As before, we obtain the following.

Lemma 4.2. For n € N, we have
C_1(’I’L) = M_l(n) + E_l(’I’L).

Moreover, if |E_1(n)| < |[M_1(n)|, then sgn(c_1(n)) agrees with what is claimed in Conjec-
ture 1.1 for this n.

5. KLOOSTERMAN SUMS BOUNDS
5.1. d=05.
Lemma 5.1. If k € N with d = ged(k,10) =5 and j € Z with ged(4,5) = 1, then forn € Z

we have
k
i) < 20 &

Proof. Since Ay ; only depends on j (mod 5), we assume without loss of generality that
1 <j <4. By Lemma 3.2, we have

il 2mi (5 (,2_ 2
Apjn) = Goa 770 S0 (i R G Uik
h (modk)*
h=j (mod5)
hih/=—1 (mod k)
2|

Note that by (3.5) p2 = «; only depends on j. Rearranging (3.2), we have, using (3.1),

Ch—j _3h— ik — ay
V== M= e

)
Note that, using (3.1) and (3.2),
hi = h+ hy (mod2), pi =he+a; (mod2), vy =h+j (mod2).

Thus
hi+vi+m =j+a; (mod2).
This yields that
Agln) = (CPFagET T 3T G (5)
h (mod k)*
h=j (mod5)
hh'/=-1 (mod k)
2R

We next simplify e%, where

N 2 N2 , ks
L L (G I e L
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= 1 (—8h*+ (60yj — 2j — 10)h — hik® + 6hhik + (5 — 205)hak + j* — 5j — af + 5a;) 1.

Now we choose b/ with 4 | /. Then A = 0 (mod4). Moreover we choose h' with hh' =
—1 (mod 5k). Then we obtain

1
=z (8h — (6ct; — 25 — 10) — 6hyk + (5 — 205)hakh’ + (5° — 55 — oF + 5aj) h)
1
= ¢ (8h+ (5 = 5j — af + 5a;) b — (6a; — 2j — 10))
4 1, . ' 2 .
=z <2h+ 3 (]2 —5j — oz? + Bay;) 5) - g(?)aj —j—5) (mod k).
Plugging back into (5.1), it is not hard to see that
Ay =— 3 SRRl ) -n),
h (mod k)*
h=j (mod5)
hh/=—1 (mod 5k)
i
We next make the change of variables h' — 41/, and note that we may take [4]5;, = 1_4]“2.

Thus we obtain

nij 2mi K2~ 25— :
i — kT S (e e oo )

£ (mod 5) h (mod 5k)*
hh/=—1 (mod 5k)

)

since

T - {5 it h = —j (mod5).
¢ (mod 5) 0 otherwise.

Plugging in definition (2.2), we obtain

1 2mijl
Apgm) = =52 3 e 2 Ky ((5n+3)

£ (mod5)

2

+ek,j2—5j—a§+5aj>.

We now use Lemma 2.3 and
d(5k) < d(5)d(k) = 2d(k) (5.2)

to bound

2

4

‘Ksk ((571-1-3) + 0k, j% — 55 —oz? —|—5ozj>

k2 —1
< \/gcd <(5n +3) YRR Ck, j? — 5] —aj + bay, 5k> d(5k)V5k

< ﬁ\/‘jQ —5j—aj+ 5aj‘d(/<;)\/5k,

where we note that 2 cannot divide the ged because 5k is odd. Thus

| Ay j(n)] < %\/‘ﬂ —5j — af + 5a;|d(k).
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We finally compute
2 ifje{1,4},

) . 2
— 57— _|_5 J—
ST e TR {—2 if j € {2,3).

5.2. d =10. For d = 10, we have the following.
Lemma 5.2. If k € N with ged(k,10) = 10 and j € Z with ged(j,10) = 1, then for n € Z we

have
3k
| Ak,j(n)| < d(10k)/ 5

Proof. We again assume without loss of generality that 1 < j7 < 10. By Lemma 3.2, we have

Ak,j(n) — Cfg]g—j—lo Z (_1)h1+1/1+u1e%(5(1/%—,u¥+u1—,ul)h’—(n—l—l)h)'
h (mod k)*
h=j (mod 10)

hh'=—1 (mod k)
We next write the factor involving A’ as e By (3.4) and (3.5), we have that v, = j and
p2 = . By (3.1) and (3.2), we have
h—3j _ 3h— Mk —q;

vy = —10 y M1 10

Thus we have
N2 kN2 ke
B=5 0t~ m ) =5 (%) - () B - e
= (=202 + (35 = 5) 3k s + (5 — ag) b — AP + 4 (7~ 10/ — a2 + 1005) ) I,

We note that since j € {1,3,7,9}, we have o € {35,35 — 20}, so o;j = j (mod2), and hence

. 2 o
% - % € Z and JJF% € Z for any odd ¢. We now choose h’ so that hh' = —1 (mod 10k),

giving
B=2h+3(j—30;)+ 1495 (5% — 10§ — oF + 10a;) h' = &5hy (34 (o — 5)A' + h'E) (mod k).
Next we use that o; = 35 (mod10) and A’ = —[j]19 (mod 10) to show that

B=2h+L(j —30;) + 14 55 (4> — 10j — af + 100;) ' — Ehy[j]10 (1 = £) (mod k). (5.3)
We now distinguish two cases depending on whether 2 || k or 4 | k. If 2 || k, then we have

ghl[j]lo <1 — %) =0 (mod k) .

Thus we obtain in this case
2

1. 1 . .
= h+ 150 —=305) + 1+ 55 (7% =105 — aF + 10a;) ' (mod k).
We next simplify the sign factor in this case. Plugging v = j and ps = «; into (3.1) and
(3.2), we conclude that

3(10v1 + §) = huk + hy = hik + 1001 + .
Taking this modulo 4, we obtain

1
hi+vi 4+ = 5(04]- +7) (mod 2).
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a;+7g
Thus the sign factor becomes (—1)17, which only depends on j. We may also pull out the
contribution from the term %( J —3a;) + 1. In this case, we obtain overall

Ag) = | >0 e (om0l (5.4)
h (mod k)*
h=j (mod 10)

hh'=—1 (mod 10k)
We next consider the case 4 | k. In this case
k k k
—hilj 1—— | ==-h]y .
sl (1 15 ) = gl (od#)
Noting that [j]ip =j =1 (mod2) because ged(j, 10) = 1, this term contributes

2mi 8 h[il10

e & = (=1,
Plugging this into (5.3), for 4 | k& we have

o E (_1)h1e%(2h+%(j—3aj+10)+i(j2—10j—a§+10aj)h’)'

We again plug vo = j and ps = ¢ into (3.1) and (3.2) to obtain

k a; —3)
1 — =h1= + J .
51/1 5#1 12 5

Since 4 | k, we obtain

(mod 2).

a;+7j
V41 = ]2

Thus in this case, we obtain again (5.4).
We then write the Kloosterman sum as

(7% — 10 — of + 10aj)> .

N =

1 _ 2mije
i)l = 5| D € Kok (2(/% — 5n — 3),

¢ (mod5)

Thus, using Lemma 2.3,

1 1/, :
| Ay ;(n)] < 10 01;1?§4ng <2(l<:€ —5n —3), 3 (]2 — 105 — 04? + 10aj> ,10/<;> d(10k)v 10k

1
< 1—0\/‘j2 — 105 — oz? + 10aj‘\/5k:d(10k‘).
Finally, we compute

12 ifje{1,9},

-2 . 2
— 10§ — o2 + 100, =
A {—12 it j € {3,7).

6. BOUNDING THE ERROR TERMS

6.1. § = 1. We explicitly need to bound the Kloosterman sums defined in (3.6). For this, we
distinguish two cases.
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6.1.1. d =5. First assume that d = 5. Using (3.6), we obtain the following from Lemma 5.1.
Lemma 6.1. If k € N with ged(k,10) = 5, then for n € Z we have

Ap(n)] < 4d<k>\/§

Using Lemma 3.3 and Lemma 6.1, the contribution from d = 5 can be bounded against

42 d(5k) (27
—/2(5 8) . 6.1
5v/5n + 8 ,;1 <25k: (5n+ )> (6.1)
By Lemma 2.4 (1) and (5.2) together with the well-known identity
d(n
> oy (62
n>1

for Re(s) > 1, the contribution from the terms with k > 2%,/2(5n + 8) can be bounded
against

1672 3 d(5k) _ 32m%C (3)2'

125 % 125 (6.3)
k>ZZ .\ /2(5n+8)
The remaining contribution can be estimated against
427 21 d(5k)
on + 8 —. 6.4
5vbn + 8 ( 2 )> Z vk (6.4)

1<k<ZT/2(5n+8)

We use (5.2) and then note that since divisors of k come in pairs (d, %) with min{d, £} < \/n,
we may trivially bound

d(k) < 2vk. (6.5)

So we may estimate (6.4) against

6472
6.1.2. d =10. Using again (3.6) and Lemma 5.2, we obtain the following.
Lemma 6.2. If k € N with ged(k,10) = 10, then for n € Z we have

3k
5

Using Lemma 6.2, the absolute value of the contribution to Lemma 3.3 from 10|k, k > 11
can be bounded against

[Ax(n)| < 2d(10k)

6v/2m d(100k)
WW% Il<25k\/3(5n+8)>. (6.7)

Plugging in (6.5) to estimate
d(100k) < d(100)d(k) = 9d(k) < 18V,
we may bound (6.7) from above by
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108v/2r H\/WJI 2
s (7 v3ET9)

54v/2m 3 d(k) < 2m 3(5n + 8)) . (6.8)

+ Y n(==
5v/5n + 8 e NG 1\ 25%
Again using Lemma 2.4 (1) and (6.2), the part from k > 2Z,/3(5n + 8) contributes
5427 27rd(k:) 108y/672 <3>2
—_— ——V3n+8) < —— (=) . 6.9
59von + 8 Z 25k 5 (5n )= 125 ¢ 2 (6.9)

k>2Z\/3(5n+8)

Next, we bound the remaining contribution against

108v/27 s 216+/672

VT L2 3n+a) ) < I( 305 8). 6.10

5v/on + 8 2 1(25k (5 + )>— 25 1t\gpv3en+8). (6.10)
2<k<2%4/3(5n+8)

6.1.3. Owverall bound. Plugging (6.3) and (6.6) into (6.1) and (6.9) and (6.10) into (6.8) and
then taking the sum, we obtain a bound for |E;(n)|. Hence, by Lemma 4.1, we conclude that
sgn(cq(n)) agrees with its claimed value in Conjecture 1.1 if

-1 9
2V/3m 4 3n 3212¢ (3)
_aver o [ = I = 2\
( T cos<7r<25+10>> 1<25 3(5n+8)>> < 95
64r2 (2 108\/677%(%)2 216/672
- (25 2(5n+8)> + o eI (25 3(5n+8)) <1.(6.11)
By Lemma 2.4 (3), if 22,/3(5n + 8) > 3 (which is true for n > 8), then
1t Fe 25\/3(5n+8)
I < 3(5n + 8)>
25 427 - 31(5n + 8)1
By Lemma 2.4 (2), if 221/2(5n + 8) > 1 (which holds for all n € N), then
1t Fe 25\/2(5n+8)
I < 2(5n + 8)> i
25 2477(571 + 8)
Finally, if 5z+/3(5n +8) > 1 (which holds for n > 3), then Lemma 2.4 (2) implies that
5\/—625,/3(5n+8

31 m(5n + 8) 1
So, for n > 8, we may bound the left-hand side of (6.11) against

I (25 3(5n + 8))

3

2v/2(5n + 8)1
3%\/ﬂcos (27 (55 + 32))]|

« < 8+27x/€>

Zr\ /3(5n+8)

e

/N

47%¢ (%)2 32. 21 e 38 V2(6n+8) N 439 . 3imessV3(n+8)
125 25(5m + 8)1 25(5n + 8)1
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4 3n 137
os |27 | — + — > |cos | — | |.
25 10 25

3
2V2(5n +8)1 2z f5Eurs)

Now

Thus we want

34/ [cos (B5))|
A2 (3)? 32 .23 e V206n+8) 439 . 3% rezsV/ 3(5n+8)
x| (8+27v6) e (), 32 2AmeRVIRTD Sl <1
125 25(5n + 8)7 25(5n + 8)4

One can show that this holds for n > 2929. Using a computer, the inequality claimed in
Conjecture 1.1 has been numerically confirmed for n < 2928 (other than the noted exceptions
where the coefficient vanishes), and hence we may conclude the claim for all n € N.

6.2. 6 =—1.

6.2.1. d =5. Using (3.8) and Lemma 5.1, we directly obtain the following.
Lemma 6.3. If k € N with ged(k,10) = 5, then for n € Z we have

[Ar(n)] < 4d(k‘)\/§

Plugging in Lemma 6.3, the overall contribution to E_j(n) from d = 5 can be bounded

against
jggiz <251<; 2(5n—8)>.

k>1

Now we can proceed exactly as for 6 = 1 (just changing 5n + 8 into 5n — 8) to obtain that
this may be estimated against

32712¢ (%)2 647> 27
L2 /2063 ).
25 125 1<25 (5n )>

6.2.2. d =10. Again using (3.8) and Lemma 5.2, we obtain the following.
Lemma 6.4. If k € N with ged(k,10) = 10, then for n € Z we have

3k
()] < 24(10K)/
Overall we obtain that the contribution with 10 | k, £ > 11 can bounded against
6v/2 1001<: 4
v2n (—” 3(5m — 8)) .
5v/5n — k> ; VE 50k

Exactly as in the case § = 1 this may be estimated against

108v672  (3\?  216y/672
125 C<§> s (25 3(5n_8))'
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6.2.3. Owerall bound. As above we obtain that we want for n > 12

3
2v/2(5n — 8)1 o~ 22 /3(n-9)

31y oos (4]
an? (3\?  32.2imen V208 439 3igess VIEn-8)
x| (8+27v8) oo¢ (5] + — + : <1
1257\ 2 25(5n — 8)1 25(5n — 8)1
It is not hard to check that this holds for n > 2234. Using a computer, the inequality claimed
in Conjecture 1.1 has been numerically verified for n < 2233 (up to the noted exceptions
where the coefficient vanishes), and hence we may conclude the claim for all n € N.
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